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G X   the stabilizing criteria:

Abstract − The paper presents the algorithms of
adaptation of random search: adaptation of the value of
working search step and adaptation of the volume of the
accumulation of information about the behavior of the
optimization object. Adduced the evaluation of the direction
of the descent of statistical gradient. The effectiveness of
adaptation of search algorithms is illustrated on a number
of numerical examples.
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In the process of adaptation are deduced, for
definiteness on the zero level, i.e. GX  0 .

H X  the constraint criteria:
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where:

I.

hi X  k k q1 X l  1,....,. p  m  k  q   in

INTRODUCTION

Efficiency of random search (speed, convergence)
depends on the degree of adaptation. Issues of adaptation
of random search devoted a significant amount of
research. Almost every algorithm is a random search,
offered by different researchers, is an adapted system,
because it uses some form of self-learning search engine
during its operation. To the theoretical basics, associated
with the problem of adapting of random search, is
devoted relatively little research, in particular, the
monograph [1], in which has consistently set out the
objectives and goals of adaptation, analytically and
experimentally investigated the methods to adaptation of
the value of working step, of the volume of accumulation
and probabilistic properties of search algorithms. The
problem of adaptation in the work 1] is formulated as a
management task, which consists to maintain the
functioning of the adapted object at the required level.

the process of adaptation must exceed a given, for
definiteness of the zero threshold, i.e. H X  0 .
The problem (1) is performed recurrently:

X N 1  X N  X N 1 ,
where the step

X N 1 is determined by the p-stepper

random search algorithm:



B 

*

close to the target X so as to maintain the
effectiveness of search on the extreme level.
2. The volume of accumulation, i.e. the number of
random trials in the area X N needed in order, that the
step

X N was the best in a certain sense.
:

3. Distribution of random steps

(1)

pΞ, U 

Where: X − the state of object;

 GX   0
.

H X   0
Here:



where



GX  g1 X,......, g q X

X N , the amount of which

should change where the system of search approaching

Following [1], we'll consider the adaptation of random
search, like a randomized optimization procedure for the
implementation of which is not required to know the
analytic properties of the optimized object. In general,
this type of optimization problem is solved in form
X 

A  the

adapted parameters of the algorithm.
By the adaptive random search parameters are as
follows:

T HE STATEMENT O F T HE P ROBLEM OF ADAPTATION
ALGORITHMS O F R ANDOM S EARCH

QX  min ,



X N 1  B X N ,......, X N  p1 , A , (6)

1. Work step, or the value
II.

(5)

(7)

U  the adapted memory vector.

If the first two factors are used for deterministic search
algorithms, the latter (the parameters of the random
distribution of the step) is typical only for random search
that gives it an undoubted advantage over regular
methods [2].

(2)
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III.

T HE ADAPTATION O F T HE MAGNITUDE O F
W ORKING S TEP

Let the range of the control variables described by the
vector Xx1 , x2 ,...., xn  , a priori can not be

The efficiency of existing algorithms of the regular
and wandering random search depends on the choice of
the initial step length and its adaptation in the search
process. In the most of performed researches with
random search algorithms or in general had not been
considered the issue about the adaptation of step or had
been proposed to introduce changes in stride length in
response to a priori stipulated number of failed attempts.
In the linear field the length of step remained constant,
installed priori. In the central field, near the extremum,
we decrease the length of step till a priory selected limit
value. Such approach was connected with unnecessary
losses on search. Therefore, we have the problem of the
manage of size of step depending on the situation in
which is turned out the search system. Obviously, in the
search process is necessary to link the value of the step
length with the kind of optimized function and with the
nature of its changes on each step of the search.
Maximum efficiency can be achieved if the control step
size is optimal. In practical cases construct an algorithm
with optimal step length at each iteration is impossible,
but it is possible to construct an algorithm which is close
to the optimum. For this purpose, the adaptation is
introduced in the search process, which allows to adjust
the step size at each iteration, depending on the
information received.
Consider one of the heuristic algorithms of adaptation
and test of working steps adduced in [3]. For this
purpose, we consider a random search algorithm, in
which the length of trial step and the working step are
generated according to a certain law of distribution with
known parameters. In the base of such algorithm we'll lay
the idea of statistical gradient algorithm [4]:

X N 1  X N 

a N YN
,
YN

determined. As a possible step size distributions in such
field we take logarithmical normal distribution [5] with a
density:

ph  

The length of the raffled step is defined as follows:

h  exp   RN    ,
Where





R N − normalized random variable with zero

2
 
 h  
    ln 
 

 1  h  
 
exp 

2
2 h1  h 





ph  

(11)
Considering that

a N  g N  hN and assuming

1

   , аnd    , the expression for determining
the length of raffled step we obtained in the form:
hH

exp     N 
1  exp     N 

(12)

where H
 
normally distributed random variable with parameters.

(8)

n

Let in the n-dimensional Euclidean space E the
unimodal continuous function is defined. This function
F X should be minimized. Let us set the initial



YN   F X N  g N Ξ Nj  F X N   Ξ Nj
j 1

(10)

expectation and unit variance.
In the presence of constraints on the range of the
changing of control variables the distribution of SB
Johnson can be used as a step-length distribution law [5]:

Where
mN

 ln h   2 
exp 
, h  0 (9)
2 2
2 h


1

parameters of distribution

0

and

0

arbitrarily or on

the basis of a priori information about the behavior of the
optimized function in the vicinity of the starting point of
the search.
Change in average step size in the search process takes
place by means of learning the distribution parameter  .
The learning is offered to make according to general rule
with forgetting [6]:

Ξ Nj 
distributed, for example, uniformly over the unit sphere;
gN 
N -th
iteration. We will analyze the information about the
nature of the change of objective function at each step.
The information obtained is then used to training the
parameters of the law of distribution of the length of next
steps.

1

 N 1   N  d N  d N
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2  hN

hN 0

,

(13)
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d N1  0  the coefficient of the forgetting
of prehistory;

In each of the proposed rules is planned to increase the
value of the mathematical expectation of the length of
step on a subsequent search stage, if the previous stage
information reliably reflects the character of decrease of
the function. On the other hand, if a series of trial steps is
unrepresentative or the direction of calculated statistical
gradient at the corresponding point is not close to the
gradient [7], the attempt is considered as unsuccessful
and the value of the mathematical expectation of step
length on the subsequent step does not increase.
In the process of search is stipulated an increase of the
coefficient of the rate of learning in dependence on the
speed of the change of optimized function:
~
(15)
d N21  d N2   K N , N 1 FN ,

d N2   0 

h N  the greatest value of a series of
successful test of trial steps and working steps in the
transition from point X N to point X N 1 .
The kind of the rule (13) m is determined by the fact
that the parameter  for the law (11) is not an
mathematical expectation. For the law, in which the
parameter  is the mathematical expectation, the rule in
terms of learning (13) has the form:

 N 1   N d N1   N d N2 

hN
,
hn 0

 

d N1  1 , (14)

Where K  0
change in the speed of learning on one step;

1, if on N - th and N - 1 - th stages the working steps were " successful"
otherwise
0

 N , N 1  

FN
hN

~
FN 

The duration of this period depends on the distance till
the target out of the last point, which was found, the
value of  at this point and the parameter of forgetting

of a series of

d N(1) . In order to reduce the losses on the search for a

"successful" trial step and of working step on the N-th
stage;  
0   t   1
at 0  t   and

specified period, we introduce a transitional stage of
search.
The learning of parameters of the law of distribution
step length in this point is described by the following
rule:

lim  t   1 .
t 

For a smooth convex functions the function  X  can
determined, for example, in the form
 X  1  exp  X where  
radius of curvature of the curves obtained by all kinds
different sections the function F by the twodimensional planes, which are the orthogonal to subspace
of parameters Xx1 , x2 ,...., xn  and passing through
be

 N 1   N  d N1m ,
where:

 N , N 1  FN 

m  N  N 0  1 , and N 0  a step number,

corresponding to the beginning of the transitional period.
Equation (17) is used by search system until is found
such value of parameter  , at which the system may
move to a point with a smaller value of the quality
criterion. After this the rule (13) is used .
For the rule (13), a transitional stage of learning of
parameter  is as follows:

the point of extreme. For the rule (12) increase in the rate
of learning is as follows:

d N21  d N2  K

(17)

, K  1 . (16)

The constructed rules of learning parameters in the
formula (11) involve more than the exponential increase
in the mathematical expectation step length in a linear
field and when the distance to the target is much longer
than the average step size. This leads to the fact that
when the search system hits with a large step in the
region of extremum or turns out in ravine, the search
system during of certain period can not do the successful
steps.

 N 1   N d N2  , d N2   1 .
m

(18)

Consider the question of the appointment of the initial
parameters of the step size distribution law, as well as the
question of changing the parameters of learning and
forgetting on the example of distribution SB Johnson (11).
We show that the proposed algorithm of adaptation step
in the simplest case can be reduced to a known system of
dividing step after N of unsuccessful attempts.
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Let the maximum and minimum values of step,
respectively, equal H and  . For the algorithm of
dividing step size the value

  HQ  s , q  1

Search of extreme values of functions for each of the
model was carried out twice: with the adaptation of step
using the Johnson distribution in accordance with (21)
and by the way of simple step of dividing of step (19) at
p  10 and q  2 . The calculations were performed
on a computer using a standard program of receiving the
initial pseudo-code, uniformly distributed on the interval
[0,1]. The calculation results are shown in Table 1.

(19)

s  1  a priori designated number of
dividing of step.
Using the expression (12) with known values of H
and  , we'll choose the value of parameter  and we'll
change the interval for parameter  out of the condition:

exp  k  
.
1  exp  k  

hH

Considering that the value of
compared to unity, we obtain

Example №1. Is searched a minimum of function

 n

F X  1  exp     xi2  i  1,2,..., n  .
 i 1 

(20)



Are considered the cases where the number of control
variables have such values: n = 2, 5 and 8. Extremum
search is carried out of different points of the permissible
area with the distance from the target   50 .
Parameters
of
search
are
adopted
such:

is rather small

 k    ln  .

(21)

In the expressions (20) and (21)

k

H  10;   10 2 ;

 the finite

d N1 0  5; d N2 0  5; k  5; N  1 .

modulo the value of parameter  , corresponding to the
minimum step size. Interval for the changing of
parameter  , you can choose symmetrical with respect
to zero

Analysis of the results allows us to conclude that the at
the calculation of the central smooth models the
adaptation of step in quantitative terms does not win,
although the method does not yield to a simple procedure
of dividing the step.
Example №2. It is necessary to find the minimum of the

  k ,  k . In practical calculations depending


on the value of

the value of

k

can be chosen in the

range from 50 to 100, but so that the value  (21) was
less than 1.
Suppose that N -th step was successful. As a result,
the parameter



receives the value

   N 1 .

 

Then

the dependence for determining forgetting factor takes
the following form:

qh

i 1

or


q
1  exp  

 Nd 1
N

exp   N 1  Nd N1





2

d N1 0  5; d N2 0  5; k  5; N  1 .
The Table 1 shows the results of a calculation
corresponding to 1000 and 2000-th trials. A further
search using the algorithm of dividing step of proved to
be ineffective, and the search was stopped.
This example illustrates the tangible effectiveness of
the algorithm with a continuous adaptation step when
using it in a gullied situations.
We show another situation where the training step
length substantially reduces loss search.
Example 3. Is required minimize the function

(

22)
From (22) we obtain the value of the forgetting
parameter

d N2  

2 

H  0,5;   5  10 4 ;

  hi1 

exp  N 1 

1
1  exp  N 1 
N 1  Nd N



F X  20 x2  x1  1  x1 .
function
[7]
Considered function is the curved shallow ravine, on the
bottom of which in the point lies the minimum. As a
starting point is chosen the point with coordinates;
x1  2 ; x1  1 . Search parameters are adopted such:



1
q 1
ln q 
 . (23)
N 
exp   N 1 

2

x1  5
F X  

10

Described step adaptation algorithm is illustrated by
several examples.

restrictions:
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It is clearly seen that the system is suitable to the
"canyon" with a big step, passes "canyon" with a small
step, then a step is restored when you exit the "gorges"
and again is reduced upon its getting into the area of the
extremum. A significant difference in losses on search of
extremum (Table 1) is explained by the fact that when
reducing the step in the "valley", the search system
without learning of step moved to the target with a small
step, without the possibility of its restoration.

2

x22

 x


 sin  1     1,05  0 .

  2


The parameters of search are adopted such:

H  1;

d N1 0  5; d N2 0  5; k  5; N  1 . In Fig. 1
shows the trajectory of the search system in the
permissible region for the case of continuous adaptation
step (20).

Fig. 1. The trajectory of the motion search system in the permissible region for the case of continuous
adaptation of step
Table 1
Comparison of the results of applying the adaptation algorithms of step and a simple dividing of step

№
of
example

The algorithm of adaptation with continuous law
step length distribution
The value of
The coordinates of
Number of
optimized
point
attempts
function

x1 x1

x2

The algorithm of dividing of step

Number of
attempts

The value of
optimized
function

The coordinates of
point

x1

x2

1

71

5  107

3  106

7  106

70

2  107

8  106

2  106

2

1000

7  106

0,74

0,54

1000

3,02

-0,72

0,56

3

2000

3,5  103

0,94

0,88

2000

1,48

-0,20

0,07

4

566

2,2  106

-5,0

10  104

2575

2,8  106

-4,99

3  104
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IV.

ADAPTATION IN T HE P ROCESS OF ACCUMULATION
OF INFORMATION ABOUT T HE B EHAVIOR O F T HE
OPTIMIZATION OBJECT. ESTIMATION O F D IRECTION
OF DESCENT B Y T HE METHOD OF STATISTICAL
GRADIENT

where dir denotes the unit vector defining direction:

dirZ 

Z
; Z 
Z

the space of parameters to be optimized X ; F 

In assessing the effectiveness of random search
algorithms essential importance belongs of such indicator
as the loss on search. As mentioned above, step
adaptation of the search process can significantly reduce
the loss search. However, equally important is the
selection of the optimum number of samples at each
stage of research at the determining the direction of the
working steps. For the solution of this problem is
followed use adaptation in the process of accumulation of
information about the behavior of the optimization
object. Let us dwell briefly on this problem.
The theoretical justification for adaptation in the
process of accumulation is contained in [1], where as the
object of the study was accepted method of statistical
gradient [4], which is characterized by the fact that out of
the initial point of search are performed the trial random
steps, and then on the basis of thus obtained information,
is fulfilled the working step. The using this procedure of
constructing a working search step is possible to create a
search algorithm, for which the likelihood of false step
less of beforehand set of arbitrarily small value. This
was may be achieved in the process of the accumulation
volume in the process of building a working step.
We investigate in more details the problem of
evaluation of the direction of descent by the method of
statistical gradient [8]. As noted in [9], in the algorithms
of random search with the "accumulation" is
m-gradient.
Indeed, according to Theorem 1 [9] in this case, each trial
step approaches the resulting direction to gradient
direction. However, the using of the procedures of



The estimation of gradient direction grad F X  ,
which was determined thus, in general case does not
coincide with the exact direction of the vector gradient of


optimized function: dir grad F X   dir grad F X  .
The angle between the direction of the gradient


grad F X and the statistical assessment grad F X
is a random variable, depending on the number of
samples m and the search space dimension N .
In this paper, for the linear objective function is
analyzed the dynamics of the gradient vector estimation
depending on m and N , are adduced the approximate
expressions for the distribution of densities of the angle
 m , allowing to determine the losses on the search
under a given deviation from the direction of descent
from the gradient direction and under given losses on
search to evaluate the deviation of chosen direction from
the gradient direction.
As noted in the monograph [6], the probability density
function of the angle  m analytically very difficult to
obtain. In this regard, here these distribution function
were obtained in numerical form on the computer and for
them was selected the approximating expression. For the
density distribution of angle  m the choice was
performed over the asymmetry and with account of the
presence of acute vertex of distribution using the plane
Pearson 1 ,  2  [10]:

additional calculations in the process of constructing of
the random orthonormal basis at each step.
To determine the characteristics of the algorithm,
which use the statistical gradient method, it is necessary
to find the density distribution of the angle  m between

1 

the statistical gradient and the gradient of the optimized
function. With a value of  m , it is easy to determine the

k 

average displacement along the gradient and the
dispersion, as well as the losses on the search.
As the direction of descent for the method of statistical
gradient is adopted by the weighted average direction out
of m random directions. Each of these directions are
selected, taking into account the quality index increments
along this direction:

3

;  2  42
3/ 2
2
2

;

 /2

 x  1  f  m d m

,

0

f  m   the function of the density
distribution of angle.
In the result of calculations is turned out, that the
function of the angle density distribution for a variety of
species distribution can be described [11]:

m

Y  dir  ΞF X  gΞi   F X
i 1
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 x  x 2 

 x  x 2  
 if x  0

 x   
 exp 
,
exp 
2 
2 
2

2


2










  if x  0
 

1

At this the mathematical expectation and variance of the angle

m

are described, respectively, by functions of the form

(Fig. 2, 3.):

 m, N   AN exp  BN m; DN , m  A1 exp  B1 N mm P N 
where:

3  N  20 ;

2  m  1,5N ;

AN   1,029 N 4,341  0,021N  1,022 ;

BN   1,099 exp  0,958N  0,004 N  0,068 ;
A1 N   1,07 exp  0,708N   0,001N  0,041 ;
B1 N   0,99 exp  1,001N   0,251N 0,109  0,228 ;
PN   1,07 N 4,425  0,059 N  0,030 .

Fig. 2. The graphs of the dependence of
The numbers on the curves − values

The distribution parameters

 N  for different values m .

N

x ,  (24) are determined out of solving the system of equations:

 m, N   2x h0 x   |  x  ;

Dm, N  
x 2   2   m, N , 
2

where:

h0 t  

1

t x
e 2



2 0

dx ;  t  

1
2

t2
e2 .
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Fig. 3. The graphs of the dependence of
The numbers on the curves − values

N

Fig. 4. The graphs of the dependence of
The numbers on the curves − values

DN  for different values m .

   for different values m .

m

The accuracy of approximation was estimated by the value of the relative error (Fig. 4.):


   

 d F    h 

0



 dF  



F    h  ,
F  

0

F    the empirical and h   the t
to select a rectangular area on the plane Pearson:





1   2 ;  2   2 ; 1   2 ;  2   2
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. At the same time it is easy

.
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in which the error

    

, where:

 1 
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